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Abstract. Software model checking is a challenging problem, and gener-
ating relevant invariants is a key factor in proving the safety properties of
a program. Program invariants can be obtained by various approaches,
including lightweight procedures based on data-flow analysis and intensive
techniques using Craig interpolation. Although data-flow analysis runs
efficiently, it often produces invariants that are too weak to prove the prop-
erties. By contrast, interpolation-based approaches build strong invariants
from interpolants, but they might not scale well due to expensive inter-
polation procedures. Invariants can also be injected into model-checking
algorithms to assist the analysis. Invariant injection has been studied for
many well-known approaches, including k-induction, predicate abstraction,
and symbolic execution. We propose an augmented interpolation-based ver-
ification algorithm that injects external invariants into interpolation-based
model checking (McMillan, 2003), a hardware model-checking algorithm
recently adopted for software verification. The auxiliary invariants help
prune unreachable states in Craig interpolants and confine the analysis to
the reachable parts of a program. We implemented the proposed technique
in the verification framework CPAcuecker and evaluated it against ma-
ture SMT-based methods in CPAcuecker as well as other state-of-the-art
software verifiers. We found that injecting invariants reduces the number
of interpolation queries needed to prove safety properties and improves
the run-time efficiency. Consequently, the proposed invariant-injection
approach verified difficult tasks that none of its plain version (i.e., without
invariants), the invariant generator, or any compared tools could solve.

Keywords: Software model checking - Program invariants - Invariant
injection - Craig interpolation - Data-flow analysis - SMT - SAT

1 Introduction

Assuring that programs execute correctly with respect to their specifications
is fundamental for deploying them in our daily lives. In the software industry,
testing [2] is the most popular methodology to validate the quality of programs.
However, software testing can only spot the presence of bugs in programs but not
guarantee their absence. To prove the correctness of programs with mathematical
rigorousness, automatic software model checking [3] has been extensively studied.

An extended version of this article is available on arXiv [1].
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One of the greatest challenges to formally verify a program is to deduce suitable
program invariants that can be used to prove the program’s safety properties. A
program invariant is a logical formula over some program variables that must
hold at a certain program location for all feasible program paths.

There are numerous approaches to invariant generation, with different per-
formance characteristics and strengths of the produced invariants. Data-flow
analysis [4,5,6,7,8,9,10] is a category of methods that sacrifice path sensitivity
for scalability. To reduce the size of the abstract reachability graph, data-flow anal-
ysis merges abstract program states arising from different execution paths when
the control flow meets. Since merging abstract states usually loses information,
the resulting invariants might not be strong enough to prove the safety properties.
In contrast to data-flow analysis, techniques [11,12,13, 14, 15, 16] based on Craig
interpolation [17] iteratively derive interpolants! to construct strong invariants.
Although these approaches are capable of generating useful invariants, they might
take too many refinement iterations and fail to converge.

To leverage the information carried by invariants, researchers also use invariant
generators as an auxiliary component to aid various model-checking techniques.
Algorithms that have been augmented by invariant injection include bounded
model checking (BMC) [18, 19, 20], k-induction [21, 22, 23, 24, 25|, predicate ab-
straction [26,27], symbolic execution [28], and IC3/PDR [29]. The idea is to
confine the scope of a verification algorithm to the reachable state space of a
program, as safety properties often do not hold in the unreachable parts [22].

1.1 Our Research Goal

Despite the extensive study of injecting invariants to various software-verification
methods, the possibilities of leveraging auxiliary invariants to assist interpolation-
based model checking [11], a hardware model-checking algorithm published by
McMillan in 2003 and adopted to software recently [30], have not been explored
yet. Although this algorithm was invented two decades ago, it still remains state-
of-the-art for safety verification. In this paper, our goal is to find out whether
invariant injection can enhance McMillan’s interpolation-based model-checking
algorithm from 2003 for software verification. In particular, we aim to reduce the
number of interpolation queries required to prove the safety property of a program,
since interpolation is usually the most time-consuming step in interpolation-based
algorithms. To avoid confusion between McMillan’s algorithm from 2003 [11]
and other interpolation-based verification approaches, we refer to McMillan’s
approach from 2003 as IMC from now on. IMC has been combined with expensive
SAT-based invariant generators for hardware model checking [31,32], but its
characteristics when assisted by lightweight invariant generators [33] based on
data-flow analysis remain unknown for software verification.

To motivate how auxiliary invariants could assist IMC, we briefly introduce
the algorithm first. IMC extends BMC via constructing inductive invariants by
Craig interpolants [17] arising from unsatisfiable BMC queries. Whenever a BMC

! An interpolant 7 for an implication A = B is a formula that uses only the common
variables of formulas A and B such that A = 7 and 7 = B are valid.
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query starting from initial states is unsatisfiable, IMC derives an interpolant from
the query and replaces the initial states in the query with the interpolant. If the
new query is unsatisfiable again, another interpolant can be obtained. The process
is repeated until either (1) the newest interpolant is contained in the union of
initial states and previous interpolants, or (2) the query starting from the newest
interpolant becomes satisfiable. In case (1), an inductive invariant (i.e., a fixed
point) is found and the property is proven. In case (2), the satisfied query might
be a spurious counterexample, so IMC will continue to unfold the program.

Interpolants tend to abstract away irrelevant information and may intersect
with the unreachable state space. Therefore, conjoining them with auxiliary
invariants prunes away some unreachable states. In the IMC algorithm outlined
above, if the newest interpolant is strengthened by an auxiliary invariant, it is more
likely to be contained in the union of initial states and previous interpolants, and
the query starting from a strengthened interpolant is less likely to be satisfiable.
In other words, a fixed point might be found with fewer interpolation queries in
case (1), and a spurious alarm plus extra program unrollings could be avoided in
case (2). An example will be shown in Sect. 1.3 to illustrate these benefits.

1.2 Our Contributions

Augmenting IMC with Auxiliary Invariants. We devise two methods to
augment IMC with auxiliary invariants. The first method confines the containment
check between the newest interpolant and the union of initial states and previous
interpolants with auxiliary invariants. The strengthened check is more likely to
succeed, so a fixed point can be found with fewer unrollings and interpolation
calls. The second method conjoins derived interpolants with auxiliary invariants.
The BMC query starting from a strengthened interpolant is more likely to be
unsatisfiable, and more interpolants can be derived to form a fixed point before
IMC further unrolls the program. We rigorously prove the correctness of the
proposed techniques. The proposed augmenting approaches are novel because
they are the first invariant-injection techniques for IMC applied to program
analysis. Moreover, the theoretical results in this paper are applicable to IMC for
hardware verification even though we focus on software verification.

Open-Source Implementation and Extensive Evaluation. We implemented
the proposed approaches in the open-source framework CPAcHECKER [34] and
conducted an extensive evaluation on more than 1600 difficult verification tasks
of C programs from the 2022 Intl. Competition on Software Verification [35].? In
our experiments, the plain IMC algorithm (i.e., without invariant injection), three
other mature SMT-based algorithms in CPAcuECKER, and two other software
verifiers were used as references to evaluate our implementation. Our experimen-
tal results show that invariant injection (1) effectively reduces the numbers of
program unrollings and interpolation queries needed by plain IMC to prove safety
properties, (2) reduces the wall-time usage, (3) proves 16 tasks that neither plain
IMC nor the data-flow analyzer used to generate invariants could solve, and

2 Due to space limitation, the pseudocode of the proposed approaches and some
experimental results are not included in this article, but in the extended version [1].
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(4) outperformed other well-established software verifiers. These observations are
significant because they enhance the knowledge about the effect of auxiliary
invariants on IMC. Furthermore, our open-source implementation of the proposed
approaches helps other researchers to understand the details of the algorithms
better and provides a solid baseline for future studies.

1.3 Motivating Example

We use the example C program in Fig. 1 to explain
why invariant injection can reduce the numbers
of program unrollings and interpolation queries
for IMC. In the program, variables x and i are unsigned int i = 0;

1 extern int nondet ();

2

3

4
both initialized to 0. The loop will be executed 5 while (nondet ()) f{

6

7

8

9

int main (void) {
unsigned int x = 0;

nondeterministically many times depending on the
values returned by function nondet (). The values
of x and i are modified in each loop iteration:
x will be incremented by 2; if i equals 3, x will
be further incremented by 1. Variable i will be 10 }

X += 2;

if (i == 3) x++;
i++;

if (1 == 2) 1 = 0;

incremented by 1 and reset to 0 if its value equals ! if (x5 2) Ao
2 after being incremented. An error occurs if x is  ** ERROR: return 1;
odd when the control flow exits the loop. ' )

14 return O;

IMC first checks if the error location line 12
is reachable by skipping the loop (i.e., assuming
nondet () returns 0). As the conjunction of the Fig. 1: An example C program
initial states z = 0 A4 = 0 and the guard to the o motivate how auxiliary in-
error location %2 # 0 is unsatisfiable, namely, variants help IMC
line 12 is unreachable if the loop is not entered,

IMC will try to build an inductive invariant at the loop head line 5 to prove
that all paths entering the loop cannot reach the error location. IMC unrolls the
program and builds a BMC query® starting from the initial location line 3, going
through the loop once (i.e., visiting line 5 twice), and ending at the error location
line 12. This BMC query is unsatisfiable, so an interpolant at the loop head line 5
can be derived to overapproximate the program states reachable after one loop
iteration. Assume the interpolant is %2 = 0 (instantiated with variables of the
initial states). IMC will replace the initial states z = 0 A4 = 0 in the BMC query
by 2%2 = 0 and pose another query to derive the next interpolant. Unfortunately,
the new query is satisfiable, indicating that there exists a feasible path from line 5
to the error location, which assumes x to be even at the beginning of the path
and goes through the loop body once. Indeed, a solution to the new query is
(z,4) = (0,3), which leads to = 3 after exiting the loop. To decide whether
this solution is a spurious counterexample or not, IMC has to further unroll the
program and fails to converge to a fixed point under the current unrolling. The

15}

3The queryis (z =0Ai=0)A(i=3=a" =c+3)A(i#A3=>2" =2+ 2)A(i+1=
2=4d =0)A(G+1#2=1i=1i+1)A(2'%2 +# 0), where the prime symbols indicate
variables after a loop iteration, and the returned values of function nondet() are
omitted for simplicity.
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reason behind this situation is that the interpolant %2 = 0 contains unreachable
program states allowing the infeasible assignment 7 = 3. In fact, the safety property
of the program is fulfilled as variable ¢ never grows beyond 2, and the problematic
statement x++; at line 7 is unreachable.

By contrast, it is easy for data-flow analysis, e.g., one based on the abstract
domain of intervals [33], to identify that 0 <4 <1 is an invariant at line 5 of the
program. If this invariant is injected to strengthen the interpolant x%2 = 0, IMC
reaches a fixed point 0 <14 < 1 A %2 = 0 immediately, without further unrolling
the program. This reasoning is confirmed by our implementation in CPACHECKER,
which injects auxiliary invariants produced by a continuously-refining interval
analysis [33] into the plain IMC algorithm [30]. The table below summarizes the
first interpolants obtained at line 5 and the numbers of unrollings and interpolation
queries needed to prove the program in Fig. 1 for the plain and augmented IMC
implementations in CPACHECKER.

Algorithm ‘First interpolant at line E‘Fixed point‘#Unrolling‘#ltp—queries
Plain IMC [30] 2%2=0 No 3 7
Augmented IMC| 0<:<1Az%2=0 Yes 1 2

2 Related Work

Our paper is primarily related to invariant generation and verification approaches
aided by auxiliary invariants.

2.1 Invariant Generation

Various approaches exist for invariant generation, ranging from lightweight ones
based on data-flow analysis to computationally expensive ones based on SAT /SMT
solving, predicate abstraction, or Craig interpolation.

Data-flow analysis has been extensively studied [5,6,7,8,9,10]. Classic ap-
proaches usually consider program variables over an abstract domain structured
as a semi-lattice. A standard fixed-point procedure is used to iteratively explore
a program, and abstract states reached by different program traces are merged.
When the procedure finishes, the merged abstract state at each program loca-
tion contains the corresponding program invariant. Common choices of abstract
domains include a value domain [36,37] or an interval domain [38].

Interpolation-based approaches construct invariants by either predicates col-
lected from interpolants [12] or interpolants themselves [11,13, 14, 15]. Although
they are able to build strong invariants, the expensive interpolation queries might
hinder their scalability. Iterative SAT solving is used to prove the inductiveness of
candidate invariants extracted from simulation data [31]. Invariant generation can
also be guided by the safety property [39,40] or the syntax of the program [41].

2.2 Invariant-Aided Verification

Injecting invariants to enhance model-checking algorithms is a popular technique.
There are techniques to restrict the state space in BMC queries by high-level design
information [19] or data mining [20]. It is well known that the induction hypothesis
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of k-induction is often too weak on its own and has to be strengthened by auxiliary
invariants from static analysis [21, 23] or property-directed reachability [25,42].
Alternatively, k-induction can be used to prove candidate invariants instanti-
ated from a template, and the confirmed invariants can be used in an induction
proof [43]. Recently, an interval-based analysis that produces continuously-refined
invariants is successfully applied to boost the performance of k-induction [22].
Transition relations can be strengthened by invariants from the octagon abstract
domain to reduce the number of refinement loops in predicate abstraction [27].
Loop invariants can be used as annotations in symbolic execution [28]. Predicate
abstraction is also employed to improve candidate invariants formed by Craig
interpolants to reduce the number of refinements [44]. In hardware model checking,
IMC is combined with inductive invariants to avoid spurious counterexamples [32].
Different from continuously-refined invariants commonly used in software veri-
fication, this approach computes a single invariant by SAT solving and uses it
repeatedly throughout the entire verification process. Spacer [45], the backend
engine of the verification framework SEAHORN [29], uses invariants produced by
the abstract-interpretation tool Ikos [46] to speed up the analysis.

3 Background

In this section, we provide necessary background knowledge for the rest of the
paper. All used logical formulas are quantifier-free and belong to the first-order
theory of equality with uninterpreted functions, arrays, bit-vectors, and floats.
We consider the satisfiability and validity of a logical formula with respect to this
theory. A first-order predicate over state variables is interpreted interchangeably
as a set of system states that satisfy the predicate.

3.1 Model Checking

First, we recap the problem formulation of model checking. To simplify the presen-
tation in Sect. 4, we describe model checking with the notation of state-transition
systems and view a program as a state-transition system. The implementation of
the proposed methods, discussed in Sect. 5, represents a program as a control-flow
automaton and verifies C programs.

Describing State-Transition Systems. A state-transition system M is charac-
terized by two predicates I(s) and T'(s, s’) over state variables: I(s) evaluates to
true if state s is an initial state of M; T'(s,s’) evaluates to true if M can transit
from state s to state s’. In the following, a state-transition system is represented
by M = (I(s),T(s,s’)) and state variables after a transition are denoted with a
prime. We write R(s) to represent the set of all reachable states of M.

Verifying Safety Properties. Model checking concerns if a state-transition
system fulfills a safety property. A safety property can be described as a predicate
P(s) that evaluates to true if state s satisfies the property. Given a state-transition
system M = (I(s),T(s,s’)) and a safety property P(s), M fulfills P(s) if R(s) =
P(s) is valid, namely, the property is satisfied by all reachable states of M. Model-
checking algorithms receive M = (I(s),T(s,s’)) and P(s) as input and aim at
proving or disproving R(s) = P(s).
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We discuss two criteria widely used by model-checking algorithms to establish
R(s) = P(s). First, some approaches construct an inductive set F(s) that implies
P(s). That is, F(s) must conform to the constraint below:

(I(s) = F(s)) AN(F(s) ANT(s,s") = F(s')) A (F(s) = P(s)).

Since R(s) is the smallest inductive set of M, we know that R(s) = F(s) holds.
The implication R(s) = P(s) follows from R(s) = F(s) and F(s) = P(s).
Interpolation-based approaches such as IMC [11] and interpolation-sequence-
based model checking [14] fall into this category because they try to build an
inductive state set F(s) from Craig interpolants [17].

The second criterion takes advantage of invariants. An invariant Inv(s) of M
is a predicate that holds for all reachable states of M, namely, R(s) = Inv(s) is
valid. Given an invariant Inv(s) of M, some methods produce a set G(s) that is
relatively inductive to Inv(s) and implies P(s). In other words, G(s) must fulfill:

(I(s) = G(s)) A (Inv(s) A G(s) AT (s,8') = G(s')) A (G(s) = P(s)). (1)

Because Inv(s) holds for every reachable state and G(s) is relatively inductive to
Inv(s), we have R(s) = G(s). The implication R(s) = P(s) is thus concluded
from R(s) = G(s) and G(s) = P(s). IC3/PDR [40] is a prominent example based
on this criterion. It chooses G(s) to be the safety property P(s) and generates
clauses to form an invariant to which P(s) is relatively inductive. As will be seen
in Sect. 4, instead of producing invariants internally during model checking, we
leverage external invariant generators and augment IMC to compute a relatively
inductive set to the auxiliary invariants.

3.2 Interpolation-Based Model Checking

IMC is an algorithm proposed by McMillan in 2003 [11]. Originally designed
for hardware model checking, it has been adopted to verify software programs
recently [30]. IMC extends BMC by constructing inductive invariants (i.e., fixed
points) from Craig interpolants [17].

Craig Interpolation. Given two formulas A and B, if A = B, Craig’s inter-
polation theorem [17] assures the existence of a formula 7 such that A = 7 and
7 = B are valid, and 7 only involves variables appearing in both A and B. 7
is called an interpolant of A and B as it is logically between A and B. In the
model-checking community, Craig’s interpolation theorem is usually stated in the
equivalent form below.

Theorem 1. Given an unsatisfiable formula A A B, there exists an interpolant T
of this formula such that (1) A = 7 is valid, (2) T A B is unsatisfiable, and (3) T
only refers to the common variables of A and B.

Computational Stages in IMC. IMC [11] has two nested stages in its compu-
tation: The outer stage unrolls a state-transition system and poses BMC queries
to satisfiability solvers; the inner stage derives Craig interpolants and constructs
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fixed points. In the following, we name the outer stage BMC stage and the inner
stage interpolation stage.

In the BMC stage, a state-transition system is unfolded into several copies,
which is controlled by an unrolling counter. Suppose the value of the counter is k. A
BMC query depicting all possible paths from an initial state to a property-violating
state via at most k transitions is posed:

I(s0)T(s0,51) T(s1,82) ... T(sg—1,8k)(0P(s1) V...V =P(s1)) . (2)

A(so, 1) B(s1,82,-,5k)

In the above formula, variable s; denotes the state variable after the i-th transition.
If Eq. (2) is satisfiable, a feasible counterexample to the safety property is found.
Otherwise, IMC enters the interpolation stage.

In the interpolation stage, a BMC query such as Eq. (2) is partitioned into
two formulas A and B. According to Theorem 1, an interpolant 71 (s1) for Eq. (2)
exists such that:

I(s0)T(s0,51) = 71(s1) is valid and
k
A /\ T(si,8i+1) N \/ —P(s;) is unsatisfiable.
j= i=1

Conceptually, 71 (s1) summarizes the reason why Eq. (2) is unsatisfiable: It over-
approximates the set of states that are (1) reachable via one transition from an
initial state and (2) do not violate the safety property within (k — 1) transitions.

A fixed point of the state-transition system may be constructed by computing
such interpolants iteratively. Substituting variable sg into 7, and replacing the ini-
tial states I(sg) in Eq. (2) by 71(so), the interpolation stage of IMC poses another
BMC query from the first interpolant 7. If the formula is still unsatisfiable, a
second interpolant 72(s1) can be derived, which overapproximates the set of states
reachable from an initial state via two transitions. Replacing 7 with 75, one can
derive the next interpolant 75 if the BMC query starting from 75 is again unsatis-
fiable. Suppose the above process is repeated n times, and a list of interpolants
Ty, Ta, ..., Ty is derived. Upon the derivation of the newest interpolant 7,,, IMC
performs a fized-point check to decide whether a fixed point has been reached:
If 7, is contained in the union of the initial states and previous interpolants,
namely, 7, = IV \//_. "~ 7; holds, the set IV Vi '~ 7; is an inductive invariant of
the system [11]. The 1nduct1ve invariant is also safe because every interpolant does
not violate the safety property according to the second condition of Theorem 1.
As a result, IMC concludes the system preserves the safety property.

If a BMC query starting from an interpolant is satisfiable, the safety property
is not definitely violated. The corresponding error path might be spurious because
the interpolant could involve unreachable states. In this situation, IMC will return
to the BMC stage and increment the unrolling counter to confirm the existence
of a feasible error path.
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4 Augmenting IMC with Auxiliary Invariants

We propose two methods to augment IMC with auxiliary invariants. The first
one strengthens the fixed-point checks, and the second one strengthens the
interpolants derived in the interpolation stage. Given a state-transition system
M = (I(s),T(s,s")), we further assume that auxiliary invariants are inductive. In
other words, an invariant Inwv(s) satisfies I(s) = Inv(s) and Inv(s) AT(s,s’) =
Inv(s"). This assumption is reasonable in practice because invariant generators,
such as those based on data-flow analysis, usually perform a fixed-point iteration
and produce inductive invariants.

4.1 Approach 1: Strengthening Fixed-Point Checks

The first approach strengthens fixed-point checks by restricting the newest inter-
polant with an auxiliary invariant. Let 71,..., 7, be a list of interpolants derived
in the interpolation stage. Instead of checking 7,, = I V \/;‘;11 Tj, we strengthen
the check to Inv AT, = IV \/;‘;11 7j. The intuition is to confine the scope of
fixed-point checks mainly within reachable states of the system such that the
union of the initial states and previous interpolants is more likely to contain the
newest interpolant. The correctness of this approach is stated in Theorem 2.

Theorem 2. Given a state-transition system M = (I(s),T(s,s’)) and a safety
property P(s), let T1,...,7, be a list of interpolants derived in the interpolation
stage of IMC. If the strengthened fized-point check Inv A1, = IV \/;Zl1 7; holds
for some auziliary invariant Inv, M fulfills the safety property P(s).

Proof. We rely on the criterion described by Eq. (1) to show that M fulfills P.
Defining G to be IV \/ _1 7j, we will prove that G satisfies Eq. (1).

Proving I = G is tr1v1al Moreover, Theorem 1 guarantees that 7p,...,7, do
not violate the safety property, which assures that G = P holds.

To show Inv(s) A G(s) ANT(s,s") = G(s') is valid, recall I(s) A T(s,s") =
71(s") and 7;(s) AT (s,s") = 7j41(s") for j = 1,...,n — 1 both hold according
to Theorem 1. Combining these conditions and the inductiveness of the auxiliary
invariant Inv, we simplify the implication to

— n—1
Inv(s \/ YAT(s s):lnv(s’)/\(\/ 7i(s") V 1 (8)).
j=1 j=1
Since the strengthened fixed-point check Inv A7, = IV \/;L_l1 T holds the
right-hand side of the above implication further implies (Inv(s’) A \/Z i1 T]( sV
(I(s")V \/;L;l1 7;(s")), which equals G(s).
Therefore, we proved that G satisfies Eq. (1), and hence M fulfills P.
4.2 Approach 2: Strengthening Interpolants

The second approach strengthens interpolants by conjoining them with an auxiliary
invariant. Unlike the first approach, which only restricts the newest interpolant
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with an auxiliary invariant in a fixed-point check, the second approach replaces the
original interpolants returned by the interpolation procedure with the strengthened
ones. That is, given a BMC query starting from the initial states I or a previously
strengthened interpolant 7; A Inv, the interpolant 7,4, is replaced by ;41 A Inv.
Note that if interpolants are strengthened, fixed-point checks are effectively
strengthened as well. Theorem 3 states that 7,41 A Inv is also an interpolant for
the BMC query, and hence the correctness of the approach follows from the plain
IMC algorithm.

Theorem 3. Given a transition system M = (I1(s),T(s,s’)) and a safety prop-
erty P(s), consider an unsatisfiable BMC query A(so) AT (so, s1)A. . AT (Sk—1, Sk)A
\/fz1 —P(s;) posed in the interpolation stage of IMC, where A(sg) is either I(so)
or a previously strengthened interpolant 7;(so) A Inv(sg). Suppose T;41(s1) is an
interpolant of the BMC query with A(so) A T(so, s1) labeled as formula A and
T(s1,82) N ... ANT(Sp—1, Sk) A szl —P(s;) labeled as formula B. Then Tj+1(s1) A
Inv(sy) is also an interpolant of the BMC query.

Proof. To prove that 7;41(s1) A Inv(sy) is also an interpolant, we have to show
that it satisfies the three conditions in Theorem 1. Namely, (1) A(so) AT (so, 1) =
Ti+1(s1) A Inv(s1) is valid; (2) 7j41(s1) AInv(s1) AT (s1,82) A... AT (Sk—1, S) A
\/f:1 —P(s;) is unsatisfiable; and (3) 7j4+1(s1) AInv(s1) only refers to the common
variables of formulas A and B. Condition (2) holds because 7;11(s1) AT (s1,52) A
oo AT (Sg—1, SK) A \/f:1 —P(s;) is already unsatisfiable according to Theorem 1.
Condition (3) holds because 711(s1) A Inv(s1) only uses the common variable s;.
In the following, we prove condition (1) by splitting into two cases.

When A(sg) = I(sg), our proof goal is I(sg) AT (s0,51) = Tj+1(s1) A Inv(sy).
Applying Theorem 1 to 7j41, we have I(sg) AT(so, 1) = Tj4+1(s1). Since Inv is an
invariant and hence contains all reachable states, we also have I(sg) AT (sg, s1) =
Inv(sy). Therefore, our proof goal is achieved.

When A(sg) = 7;(so) AInv(sg), our proof goal is 7;(s¢) A Inv(sg) AT (s0,51) =
Ti+1(s1) A Inv(s1). Applying Theorem 1 to 7j41, we have 7;(so) A Inv(sg) A
T(so,51) = Tj+1(s1). Since Inv is inductive, we also have Inv(sg) AT (so,51) =
Inv(sy). Our goal follows from the two implications.

As both cases are proved, we conclude that 7;41(s1) A Inv(sy) is also an
interpolant of the BMC query and can be used in the interpolation stage of IMC.

4.3 Comparison between the Two Approaches

The design spirit behind the two approaches is to make IMC capable of proving
the safety of a system with fewer iterations in the BMC and interpolation stages.
We attain this objective with the help of auxiliary invariants. In the first approach,
instead of an inductive invariant, IMC generates a relatively inductive set of states,
which might require fewer interpolation calls to produce. In the second approach,
in addition to strengthening fixed-point checks, strengthened interpolants also
make BMC queries in the interpolation stage more likely to be unsatisfiable. That
is, IMC will remain in the interpolation stage more often, searching for a proof of
the safety property. The second approach is more “aggressive” than the first one
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because strengthened interpolants will change the interpolants obtained later, and
IMC will follow a different computational footprint. By contrast, the interpolants
encountered in the first approach are identical to the plain IMC algorithm if
the interpolation procedure is the same. Moreover, the first approach can in
principle be adopted by other verification algorithms with similar fixed-point
checks, whereas the second approach is specifically tailored towards IMC. In our
evaluation, we also experimented with a basic injection approach that conjoins
the safety property with auxiliary invariants. However, this approach performed
roughly the same as the plain IMC algorithm.

5 Implementation

We implemented the two approaches discussed in Sect. 4 on top of the plain
IMC algorithm in CPACHECKER [34], a software-verification framework for the
programming language C. The pseudo code of the implemented procedure is
outlined in the extended technical report [1]. The plain IMC implementation [30]
in CPACHECKER extracts transition relations from programs with large-block
encoding [47]. Error labels in a program are used to specify the negation of
safety properties. In addition to an IMC implementation, CPACHECKER also has a
continuously-refining invariant generator based on intervals [33], which is used to
enhance k-induction [22]. Before continuing the discussion, we emphasize that the
proposed approaches discussed in Sect. 4 are independent of the implementation
framework and not limited to specific invariant generators.

CPACHECKER is based on configurable program analysis (CPA) [48], which
defines an abstract domain used in a program analysis. The plain IMC algorithm is
implemented using several CPAs, with one of them tracking path formulas between
program locations in its abstract states [49]. This CPA is configured to perform
large-block encoding, which constructs formulas for complete loop unrollings as
transition relations [30]. Thanks to its flexibility, it underpins the implementations
of other SMT-based algorithms in CPAcuEckER [50], including predicate analysis,
ImpacT, and k-induction. We will compare the proposed algorithm to these
techniques in Sect. 6.

The continuously-refining invariant generator in CPAcHECKER uses a CPA
with an abstract domain based on expressions over intervals [33]. Compared to
methods concerning single intervals only, it can represent complex ranges like
the disjunction and conjunction of intervals, e.g., (x <5V a > T7)A (1 <y <8).
Its precision includes a set of important variables and a maximum depth of
expressions. The precision can be dynamically adjusted during the analysis [51]
to produce more refined invariants.

Given a CPA and an initial abstract state, CPAcCHECKER constructs a set of
reachable abstract states by iteratively processing states and computing their
abstract successors. To perform a specific algorithm, required information can be
collected from the abstract states. For example, IMC collects the path formulas to
assemble BMC queries and derive interpolants [30]. The interval-based invariant
generator outputs the union of expressions as invariants [33]. In our implemen-
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tation, we run IMC and the invariant generator in parallel and inject auxiliary
invariants to augment IMC.

6 Evaluation

To understand the effects of the proposed invariant-injection approaches on the
proof-finding ability of IMC, we pose the following research questions:

— Part 1: augmented IMC vs. plain IMC

e RQ1: Can auxiliary invariants reduce the numbers of program unrollings
and interpolation queries?

e RQ2: Can augmented IMC prove the correctness of additional programs?

e RQ3: Can invariant injection improve the run-time efficiency?

— Part 2: augmented IMC vs. other approaches and tools

e RQ4: Can augmented IMC find more proofs than other state-of-the-art
software-verification algorithms and tools?

6.1 Evaluated Approaches and Tools

To answer the above research questions, we evaluated the proposed invariant-
injection methods for IMC against (1) its plain version plus three other SMT-based
algorithms in the same verification framework CPAcHECKER [34] and (2) two other
state-of-the-art software verifiers.

The plain IMC algorithm was recently adopted to verify programs [30].
The three other approaches in CPAcHECKER are predicate abstraction [12,52],
Impact [13], and k-induction boosted by continuously-refined invariants [22],
whose characteristics were compared in a recent article on SMT-based software
verification [50]. All proposed methods and compared algorithms above are im-
plemented in the same framework, so the confounding variables are kept to a
minimum (identical frontend, program encodings, SMT solvers, etc.) to facilitate
the comparison of algorithmic differences. For invariant generation, we used the
continuously-refining data-flow analysis (DF) [33] described in Sect. 5. The invari-
ant generator can prove the safety properties of some programs on its own. In
our experiments, we ignored the answers computed by DF because our goal is
to study the effects of auxiliary invariants on the main analyses, namely, IMC
and k-induction. In the following, we denote the injection of continuously-refined
invariants generated by DF into k-induction as KI+«&-DF, and the augmented
IMC algorithms with fixed-point checks and interpolants strengthened by auxiliary
invariants as IMCg<&-DF and IMC;+6-DF, respectively.

To reflect the state of the art on software verification and invariant injection, we
further compared our approaches to 2rs [23], which has a mature implementation
of k-induction boosted by auxiliary invariants, and Symsrotic [53], which is based
on symbolic execution and performs well in the Intl. Competitions on Software
Verification [35] (the overall winner in 2022).
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6.2 Benchmark Set

Since our goal is to investigate whether auxiliary invariants can improve IMC’s
capability of delivering correctness proofs, we selected verification tasks without
known violation to their reachability-safety properties from the 2022 Intl. Compe-
tition on Software Verification (SV-COMP ’22) [35]. Furthermore, to concentrate
the evaluation on hard verification problems, we excluded the trivial tasks solvable
by BMC of CPAcueckeR. To keep the program encodings consistent across all
evaluated approaches in CPACHECKER, we only considered single-loop programs
in our experiments because the IMC implementation in CPACHECKER needs to
transform a multi-loop program into a single-loop program as preprocessing [30].
However, this is not a limitation of the proposed augmenting methods, since they
can work on multi-loop programs as well if single-loop transformation [54, 55] is
applied. In total, we collected 1623 verification tasks, each of which contains a
single-loop program and a challenging safety property.

6.3 Experimental Setup

All experiments were conducted on machines having 33 GB of RAM and a 3.4 GHz
CPU (Intel Xeon E3-1230 v5) with 8 processing units. The operating system was
Ubuntu 22.04 (64 bit), running Linux 5.15. Each verification task was limited
to 4 CPU cores, 15 min of CPU time, and 15 GB of RAM. In our evaluation, we
utilized the benchmarking framework BEncHEXEC [56] to ensure reproducibility
of our results, and CPACHECKER at revision 42901. All SMT and interpolation
queries in CPAcHECKER were handled by MaruSATS [57]. Since we want to
observe IMC’s behavior in the presence of auxiliary invariants, we limited the
CPU time allocated to the invariant generator to 2.5 min such that IMC had
enough time to perform its analysis. For the comparison to other software verifiers,
we downloaded 2rs and SymsroTic from the tool archives of SV-COMP ’22 [58].

6.4 Results

RQ1: Reduction of program unrollings and interpolation queries. To
understand whether the invariant-injection techniques could reduce the numbers of
program unrollings and interpolation queries required by plain IMC to find a proof,
we conducted a case study on IMC;+&-DF. As discussed in Sect. 4.3, IMC;<«&-DF
derives different interpolants from plain IMC and is supposed to exhibit distinct
computational behavior. We further identified 870 tasks for which DF was able to
generate non-trivial and inductive invariants* because trivial invariants provide
no additional information to help IMC. The scatter plots Fig. 2a and Fig. 2b
show the comparison of IMC;«&-DF and IMC on the 870 tasks on the numbers
of program unrollings and interpolation queries, respectively. A data point (x, y)
in the plots means that there is a task solvable by both IMC and IMC;+&-DF,
and IMC (resp. IMC;+&-DF) requires x (resp. y) times of the indicated operation.
The color of a data point shows the number of tasks falling into this coordinate.
Data points under the diagonal represent the tasks for which IMC;+&-DF needed
fewer operations than plain IMC. Observe that IMC;«&-DF often required fewer

4 The trivial invariant T represents the entire state space.
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Table 1: Statistics of tasks where IMC;+&-DF has significant improvement over
IMC (time unit: s with two significant digits; v for solved, and — for timeout)

IMC IMC;+&-DF
Task result #unroll #itp wall-time itp-time | result #unroll #itp wall-time itp-time
Problem03 _label03 - 8 50 870 740 v 5 11 27 13
Problem03_labell5 - 7 54 880 750 v 5 11 35 19
Problem03_label51 10 57 880 750 v 5 11 24 10
benchmark37 conj - 317 316 890 850 v 1 2 1.8 0.0080
pals_ lcr-var-start — 11 16 880 630 v 10 24 760 480
pals_lcr.4.ufo.UNB v 11 23 200 160 v 10 16 120 92
phases 2-2 - 1 1 900 900 v 1 2 2.2 0.057
s3_srvr_la.BV.c.cil - 64 441 890 540 v 5 13 6.3 1.0
s3_srvr_2a.BV.c.cil - 39 290 890 790 v 35 252 640 540
s3_srvr_2a_alt.BV - 37 278 880 780 v 19 125 72 52

program unrollings and interpolation calls. For programs correctly proved by both,
our augmenting approach reduced the number of program unrollings in 35 tasks,
and the number of interpolation calls in 56 tasks.

Table 1 shows the tasks for which IMC;+&-DF exhibited significant perfor-
mance improvement. (A similar table for IMCg+¢-DF can be found in the extended
technical report [1].) Upon these tasks, plain IMC either ran into timeouts or
required considerably more run-time, whereas the augmented version was able
to deliver proofs efficiently. Under each algorithm, the table lists the verification
result (solved or timeout), the numbers of program unrollings and interpolation
queries, wall-time, and interpolation time (the time spent on all interpolation
queries). Note that since plain IMC suffered from timeouts in most of these tasks,
the reported numbers of unrollings and interpolation queries are lower bounds of
the actual numbers required to compute proofs, which could be much higher.

RQ2: Effectiveness of augmented IMC vs. plain IMC. We compared the
number of tasks solved by augmented IMC versus that by plain IMC to evaluate
the effectiveness of the proposed approaches. Figure 3b shows the results on
the tasks with non-trivial invariants. A data point (z, y) in the plots indicates
that x tasks were correctly solved by the respective algorithm within a time
bound of y seconds. (The exact numbers can be found in the extended technical
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report [1].) Observe that both augmented approaches solved more tasks than
plain IMC. Specifically, IMC;+&-DF (resp. IMCg«&-DF) found proofs for 23 (resp.
6) tasks where plain IMC ran into timeouts. However, it was not able to solve
13 (resp. 4) tasks proven by plain IMC, partially due to the extra time spent on
invariant generation (see Sect. 6.5 for more discussion). Overall, IMC;«3-DF (resp.
IMCs<&-DF) proved 10 (resp. 2) additional tasks compared to plain IMC, and
there were 16 tasks solvable by IMC;+&-DF but not by plain IMC or DF. Al-
though not extraordinary, the increase shows invariant injection can improve the
effectiveness of plain IMC.

To account for the randomness in SMT solving and interpolation, we repeated
the experiment with five different random seeds for the underlying SMT solver.
In our evaluation, IMC;«&-DF consistently delivered more proofs than plain IMC
with each seed, demonstrating the robustness of the proposed invariant-injection
approaches. The results are available in the extended technical report [1].

RQ3: Run-time efficiency of augmented IMC vs. plain IMC. Quantile
plots comparing the CPU time and wall-time usage of plain and augmented IMC on
the tasks with non-trivial invariants are shown in Fig. 3a and Fig. 3b, respectively.
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To focus on the performance differences for difficult tasks, we crop the first 400
tasks from the figures because they can be solved within 1min. From Fig. 3a,
observe that IMC dominated its two augmented variants when the CPU time was
below 400s because it did not have a parallel invariant generator that consumed
extra time. However, as the elapsed CPU time increased, IMC;+&-DF took over
and became the best among the three. By contrast, Fig. 3b shows a clear advantage
of IMC;¢&-DF regarding the wall-time consumption. It was able to solve the
most tasks when the elapsed wall-time was beyond 200s. In addition, although
IMC¢4&-DF did not not perform as well as IMC;+&-DF on these tasks, it still
showed some wall-time improvement over plain IMC. The results indicate that our
proposed augmenting approaches can not only prove the correctness of additional
programs but also reduce the wall-time for solving difficult tasks.

The scatter plots in Fig. 4 compare the wall-time and interpolation time
consumed by IMC and IMC;«&-DF on the tasks with non-trivial invariants. A
data point (z, y) in the plots indicates a task that can be solved by IMC or
IMC;«&-DF, for which the former took = seconds of wall-time (resp. interpolation
time), and the latter took y seconds of wall-time (resp. interpolation time).
Observe that invariant injection helps improve plain IMC’s wall-time efficiency
for time-consuming tasks because more data points are below the diagonal in the
top-right quarter of Fig. 4a. For interpolation time, invariant injection generally
lowered the summation of time spent on all queries, as can be seen from Fig. 4b.
Moreover, there were 20 tasks showing reduction by an order of magnitude.

RQ4: Comparison with other algorithms and tools. To study whether
the proposed invariant-injection approaches for IMC could deliver more proofs
than other mature SMT-based methods in CPAcHECKER as well as other soft-
ware verifiers, we evaluated IMC;4&-DF against KI«&-DF [22|, ImpacT [13], and
predicate abstraction (PredAbs) [12, 52| in CPACHECKER, along with 2rs [23] and
SymeioTic [53].° Figure 5 plots the wall-time usage of the compared algorithms
and tools, and shows that IMC;«&-DF solved the most tasks among them. (The
exact numbers are summarized in the extended technical report [1].) For the
comparison within CPAcHECKER, IMC;<&-DF outperformed other approaches in

5 Plain IMC has been compared with other approaches in a technical report [30].
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terms of both the number of solved tasks and the run-time efficiency. There were
324, 88, and 143 additional tasks solvable by IMC;+&-DF, but not by KI«&-DF,
ImpacT, and predicate abstraction, respectively. In total, IMC;+&-DF uniquely
solved 10 tasks among the four compared algorithms. For the comparison with 2Ls
and Symsroric, IMC;+&-DF found significantly more proofs than both of them.
In particular, 423 and 624 additional tasks were solved by IMC;+&-DF, but not by
2Ls and SymBIoTIc, respectively, and a total of 342 tasks were uniquely solved by
IMC;46-DF. The results demonstrate the value of our invariant-injection methods
for IMC and justify our contribution to the state of the art of software verification.

6.5 Discussion

In our experiments, strengthened interpolants decreased the number of interpola-
tion queries (Fig. 2b) and the total interpolation time (Fig. 4b), but the effect
came at a price: SMT and interpolation queries may become more challenging.
There were several tasks solvable by plain IMC in a minute but stuck at one
difficult SMT query with a strengthened interpolant for hundreds of seconds.
Therefore, the effect of invariant injection on IMC is mixed: A similar trade-off
between fewer refinement steps and extra computation effort to achieve the reduc-
tion was reported for the verifier Uro [44]. In the evaluation, we observed a clear
decrease in the numbers of unrollings and interpolation calls, but the number of
solved tasks did not increase remarkably. Similar observations that the run-time
does not necessarily benefit from auxiliary invariants and that the number of
solved tasks might not increase significantly have also been reported in previous
publications [23, 32| on invariant-aided verification.

7 Conclusion

We augmented IMC, an interpolation-based model-checking algorithm published
by McMillan in 2003 [11], via injecting auxiliary invariants to reduce the numbers
of program unrollings and interpolation queries needed to prove the correctness of
programs. Invariants are used to strengthen (1) the checks for determining whether
a fixed point is reached, or (2) the interpolants derived during the procedure. We
rigorously proved the correctness of the proposed approaches and implemented
both techniques in the verification tool CPAcuecker. We empirically evaluated our
implementations against four SMT-based verification approaches in CPACHECKER
and two state-of-the-art software verifiers over C programs whose safety properties
are hard to prove. Our experiments show that the proposed techniques effectively
reduced the numbers of program unrollings and interpolation calls and therefore
reduced the wall-time usage compared to plain IMC. Furthermore, the proposed
augmentation helped IMC deliver more proofs than the compared SMT-based
algorithms in CPAcHECKER and solve 342 tasks unsolvable by the compared tools.
For future work, as the strengthened interpolants might lead to extra time spent
on SMT solving or interpolation, we plan to devise a strategy to selectively inject
invariants into IMC only when they are likely to be helpful, in order to further
improve the performance of the proposed methods.
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